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1. INTRODUCTION 
In a recent paper [l] Norman and Trench considered the differential 
equation 
x’ = P(x, y) x 
Y’ = Qh Y> Y t=&1 (1) 
where P and Q were differentiable homogeneous functions of even degree 2m, 
and gave sufficient conditions for the global asymptotic stability of the trivial 
solution (x(t), y(t)) = (0,O). The purpose of this paper is to generalize this 
result for P and Q not necessarily homogeneous, and to give necessary and 
sufficient conditions for global asymptotic stability if P and Q are homo- 
geneous of degree 2m. 
It will be assumed throughout that P and Q are continuous on R2 into R 
and that solutions of (1) are unique with respect to initial conditions. Also, 
it will be assumed that (0,O) is th e only singular point of (1). For the purposes 
of this paper it will be convenient to define 
ll(~,r)ll = mail 32 1, I y I>. 
2. THE GENERAL CASE 
The following lemma is an easy consequence of the continuity of P and Q 
and the assumption that (0,O) is th e only singular point of (1) so the proof is 
omitted. 
LEMMA 1. Given a compact set A C R2 such that (0,O) is not in A, there 
exists a positive constant K = K(A) so that ifP(x, , yl) = 0 andQ(x2 , yz) = 0 
whm (xi , ri) E A, i = 1,2 then ll(x, , yI) - (x2 ,ys)ll 2 K. 
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THEOREM 1. The zero solution of (1) is asymptotically stable if: 
(a) P(x, 0) < 0 for all x and Q(0, y) < 0 for ally, 
(b) if (x, y) f (0,O) then either P(x, y) < 0 OY Q(x, y) < 0. 
Proof. As the x and y axes are invariant sets the argument will be restricted 
to the first quadrant, the argument in each of the other quadrants being the 
same. Also, if we are able to show that (0,O) is stable it follows from Poincare- 
Bendixson that (0,O) is the only bounded invariant set and asymptotic stability 
follows. 
Let E > 0 be given and consider the set 
W, 4 = @,Y) I X,Y 3 0 and II@,r)ll < 4, C-9 
noting that S(0, E) is the square with vertices at (0, 0), (0, E), (z, E) and (z, 0). 
From (a) it follows that P(c, 0) < 0 and from the continuity of P there exists 
ay,,O<y,<esothatP(~,y)<OforO<y<y,andP(e,yJ=Oor 
y1 = E. Similarly, there is an xi , 0 < xi < z, so that Q(x, .E) < 0 for 
0 < x < xi and Q(xi , 6) = 0 or xi = E. 
If x1 = yr = E, it follows from (1) that no solutions of (1) with initial 
conditions in S(0, E) can escape from S(0, l ) with increasing t. 
If xi < E or yi < E, let 6 = min{x, , yi> and define S(O,6) as in (2). If 
xi < E, construct a horizontal line segment from (0, e) to (xi, l ). AsQ(xi, e) = 0, 
we have P(q , l ) < 0, so construct a vertical line segment from (xi , e) to 
a point (xi , ya), 0 < ya < E, where ya is chosen so that P(xI , y) -=c 0 for 
ya < y < E and ya = 0 or P(x, , ya) = 0. In any case, by Lemma 1, 
c-yz>W) h w ere A is the closure of S(0, e)/S(O, 8). If P(xl , ya) = 0, 
Q(xi , ya) < 0, so construct a horizontal line segment from (x1 , ys) to a point 
(xa , ya), xi < x, < E, where xa is chosen so that Q(x, ys) < 0 for x, < x < xa 
and xa = E or Q(xa , ya) = 0. As before the length of this line segment is 
greater that or equal to K(A). Continuing in this fashion we can construct a 
curve C, consisting of horizontal and vertical line segments from the point 
(0,~) to a point on the x-axis between (xi , 0) and (E, 0), or to a point on the 
line x = E between (E, 0) and (E, 6) in a finite number of steps and, with the 
exception of endpoints, along each vertical line segment P(x, y) < 0 and 
along each horizontal line segment Q(x, y) < 0. In a similar fashion we can 
construct a curve Ca consisting of vertical and horizontal line segments from 
the point (e, 0) to a point on the y-axis between (0, yJ and (0, E), or a point 
on the line y = E between (0,~) and (E, e) having the property that P(x, y) < 0 
along each vertical line segment and Q(x, y) < 0 along each horizontal line 
segment. 
If C, intersects the x-axis, every solution with initial conditions in S(O,6) 
must remain in S’(0, l ) for all future t, as its trajectory cannot cross C, with 
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increasing t. If C, does not intersect the x-axis but C, intersects the y-axis, 
solutions of (1) with initial conditions in the interior of S(0, S) must remain 
in S(0, E) for all future t, as in the first case. If C, does not intersect the x-axis 
and C, does not intersect the y-axis then C, and C, must intersect and have a 
point (x*, y*) in common. Define a new curve Cs by starting at (0,~) and 
following C, until the point (x*, y*) is reached and continuing along C, 
until the point (E, 0) is reached. As before, solutions starting in S(0, 6) must 
remain in S(0, E) for all future t as they cannot cross C’s, and the proof is 
complete. 
From the proof of Theorem 1 it is clear that if given a 6 > 0 we can find an 
E > 0 so that x1 > 6 and y1 > 6, where xi and y1 are as in the above proof, 
we have all solutions going to zero with increasing t and thus have global 
asymptotic stability. In particular, we have the following. 
THEOREM 2. If P and Q are homogeneous of degree 2m and 2n respectively, 
then the zero solution of (1) is globally asymptotically stable if: 
(a) P(LO) < 0, Q(O, 1) < 0, 
(b) if (x, Y) # (0, 0) then P(x, Y) -c 0 or Q(x) Y) -=c 0. 
3. THE HOMOGENEOUS CASE 
In this section, in addition to the basic assumptions made in Section 1, 
we will assume that P and Q are homogeneous of degree 2m, and if 4 is a 
cluster point of the zeros of P(cos 8, sin 0) Q(cos 0, sin 0) then either 
P(cos+, sin 4) < 0 or Q(cos+, sin+) < 0. 
THEOREM 3. For the zero solution of (1) to be globally asymptotically stable 
it is necessary and suficient that P(1,O) < 0, Q(0, 1) < 0 and for each (x, y) 
where P(x, y) > 0 and Q(x, Y) > 0, P(x, Y) # Q(x, Y>. 
Proof. Necessity. If P( 1,O) > 0 the solutions of (1) on the x-axis become 
unbounded as t increases. Similarly the solutions on the y-axis become un- 
bounded as t increases ifQ(0, 1) > 0. 
Also, if P( 1,O) or Q(0, 1) = 0 th e x-axis or y-axis would consist of singular 
points contradicting global asymptotic stability. 
Suppose there is a point (x,, , y,,) where P(x,, , yO) = Q(x,, , yO) > 0. Then, 
as P and Q are homogeneous, Q(x, y)/P(x, y) = 1 on the ray through (0,O) 
and (x0 , yO) and on this ray, from (l), we have dy/dx = y/x, so this ray is a 
trajectory of (1) and the solution (x(t), y(t)) with (x(O), y(O)) = (x,-, ya) 
becomes unbounded with increasing t. 
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Sufficiency. As in the proof of Theorem 1 we will consider only the first 
quadrant. As the zeros of homogeneous functions are rays through the origin, 
it follows from Lemma 1 and the assumption on the cluster points of the zeros 
of P(cos 0, sin 0) Q( cos 0, sin 0) that we can choose 0 = 0, < f+ < *a. 8, = 42 
with the property that for ej< 8< e,+r and r >O we have P(r cos 0, r sin 0) < 0 
or Q(r cos 0, Y sin 0) < 0 or both P(r cos 8, I sin 0) > 0 and Q(r cos 8, 
Y sin 0) > 0. Define the sets Ki , j = l,.., n - 1 by 
Kj = {(T cos 8, Y sin e) 1 e, < e < ej+lj 
and the rays Lj , j = l,..., n, by 
Lj = {(r cos e, , r sin e,) 1 r > 01. 
Now, let 
4 = {(T Y) I P(x, Y) > 09 Q(x, Y) > 0, Q@, YMYx, Y) 2 11 
and 
A, = ((x9 Y> I P(% Y) > 0, Q@,Y) > 0, Q(x, Y)P’@, Y) d 11. 
If both A, and A, are empty then on the interior of each Kj either P(x, y) < 0 
or Q(x,Y) < 0, and an argument similar to the proof of Theorem 1 will 
yield the desired result. 
Assume first that A, and A, are nonempty and let 
of = inf{Q(~,~)lP(~,~) I (x,Y) E 41, 
,d = sup{Q(x, y)lJ’(x, Y> I (~9 Y) E Az)- 
As P and Q are both homogeneous of degree 2m, Q(x, y)/P(x, y) is constant on 
rays through the origin except at the origin. Hence, we may assume that the 
inf and sup are taken over (x, y) where x2 + y2 = 1 and so we have OL > 1 
and /3 < 1 by the continuity of P and Q and the assumption that P(x, y) f 
Q(x, y) when P(x, y) > 0 and Q(x, y) > 0. 
Let E > 0 be given and consider the curve given by y = &-8)x@. As /3 < 1, 
this curve has the points (0,O) and (c, 6) on it and it intersects the ray L,-, 
at some point (x,, , y,,) where x0 > 0 and y0 > 0. From the point (x0 , y,,) 
to the point (0,O) construct a curve of the formy = KP. As 01 > 1, this curve 
intersects the ray L, at a point (x1 , yr) where x1 > 0 and y1 > 0. In a similar 
fashion, using the curve given by y = E (l-a)~a and then a curve given by 
y = k@ construct points (x2, ya) on L, and (x3 , ya) on L,,-, . Let 6 = 
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min{x, , x3 , yr , ys}. We will construct a curve from the positive y-axis to the 
positive x-axis that is contained in the closure of S(0, l )/S(O, 6) such that 
solutions of (1) with initial conditions in S(0, 8) cannot pass through with 
increasing t, and the result will follow as in Theorem 1. 
For the sets Ki ,j = 2,..., 7t - 2, there are four cases to consider: 
I. $3(x, y) < 0 on the interior of Kj , 
II. Q(x, y) 4: 0 and P(x, y) < 0 on the interior of Kj , 
III. Q(x, y) > 0, P(x, y) > 0, and Q(x, y)/P(x, y) < B < 1 on the 
interior of Kj , 
IV. Q(x, y) > 0, P(x, y) > 0, ad Q(x, y)/P(x, y) 3 a > 1 on the 
interior of Kj . 
Given an arc from L, to Lj+l , this arc divides Kj into two components. 
If this arc has the property that no solution of (1) may pass from the bounded 
component of Kj to the unbounded component of Kj through this arc with 
increasing t, we call this arc a “bounding arc.” 
In case I, a horizontal line segment from Lj to Lj+l is a bounding arc and 
in case II a vertical line segment from Li to Lj+l is a bounding arc. For case III 
a curve between L, and Li+l that satisfies y = k,xa where k, is a positive 
constant is a bounding arc. This follows from (1) as, on the interior of Kj , 
the trajectories of (1) satisfy 
and so the trajectories of (1) cannot pass from the bounded component of Ki 
to the unbounded component with increasing t by the comparison principle. 
In the last case we may choose a bounding arc of the form y = k,x” as we 
have dy/dx 3 oly/x along trajectories of (1) and 01 > 1. 
Construct a curve Cr starting with the horizontal line segment from (0, yJ 
to (x,, , yO) and continue with bounding arcs forming a continuous curve 
until C, reaches L, at a point (x4, ya), x, < x4 < E, or the line x = E at a 
point (E, y5), 0 < ys < E. If L, is reached, we may continue C, with a vertical 
line to (x4 , 0) and solutions of (1) with initial conditions in S(0, 8) must 
remain in S(0, e) for al1 future t as C, is in the closure of S(0, c)/S(O, 8). If the 
line x = E is reached, construct a curve C, beginning at the point (x2 , 0) and 
proceed until the y-axis or the line y = E is reached. As in the proof of 
Theorem 1, either the curve C, can be extended to the y-axis or we may 
construct a new curve Cs from C, and C, between the x and y axes which is 
contained in the closure of S(0, e)/S(O, 6). In any event, one of the curves 
Cr , Ca , or C’s yields the desired result. 
If either A, or A, is empty, we may choose 8 by a procedure similar to 
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that above and construct a curve from the y-axis to the x-axis using vertical 
line segments, horizontal line segments, and curves of the form y = Krs 
or curves of the formy = W. 
Remark. If we do not have global asymptotic stability in the homogeneous 
case, then we have a solution of (1) which becomes unbounded with increasing 
t, and the trajectory of this solution is a ray through the origin so x = Ay 
or y = Ax for some real A. Suppose y = Ax, then from (1) we have 
A!’ = P(x, A&x)x = P(1, +a”+’ 
where P( 1, A) > 0. Thus, (x(t), y(r)) has finite escape time. 
The author would like to acknowledge the many helpful discussions with and 
insights gained from Professor T. A. Burton. 
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